The generalization of the n-dimensional cube, an n-dimensional chain, the exterior derivative and the integral of a differential n-form on it are introduced and investigated. The analogue of Stokes theorem for the differential space is given.
Introduction
This article is the fifth of the series of papers concerning integration of differential forms and densities on differential spaces. We describe our generalization of the theory of integration of smooth skew-symmetric forms on cubes and chains.
In Section 2, we present definition and properties of so called point differential forms on differential spaces. We prove the theorem about the local representation of such forms (Theorem 1). Section 3 of the paper contains basic definitions and the description of preliminary facts concerning generalized cubes and chains. We define the notion of a generalized ndimensional smooth cube on the differential space pM, Cq, the notion of a smooth n-dimensional chain of generalized smooth cubes on pM, Cq and the integral of a smooth point n-form on a smooth n-dimensional chain. In Section 4, we prove the existence of integrals for a wide class of smooth chains and skew-symmetric forms. To formulate these results we introduce the classes of cubes, chains and point forms smoothly extendable with respect to the family G of generators of a differential structure C on a set M . At the end of the paper we give an analogue of Stokes theorem in the case of smoothly extendable forms and chains (Theorem 3). To do that, we introduce the boundary of generalized n-dimensional chain (Definition 13).
Without any other explanation we use the following symbols: N -the set of natural numbers; Q -the set of rational numbers; R -the set of reals. Using induction we can extend this result to the following one.
Lemma 4. Let W be an open set in R m and let for any j " 1, 2 . . . , k, a set U j be an open neighborhood of zero in R n j pn 1 , . . . , n k P Nq. Suppose that σ : WˆU 1ˆ. . .ˆU k Ñ R is a C 8 -function, pw, u 1 , . . . , u k q P WˆU 1ˆ. . .ˆU k and there exist a ă 0 and b ą 1 such that for any t 1 , . . . , t k P pa; bq, we have pw, t 1 u 1 , . . . , t k u k q P WˆU 1ˆ. . .ˆU k and σpw, t 1 u 1 , . . . , t k u k q " t 1 t 2¨¨¨tk σpw, u 1 , . . . , u k q.
Then σpw, u 1 , . . . , u k q "
Theorem 1.
If ω : T k M Ñ R is a smooth point k-form on a differential space pM, Cq then for any m P M there exist a neighborhood W m of m, a number n P N, functions α 1 , . . . , α n P C and for any i 1 , . . . , i k P t1, 2, . . . , nu a function ω i 1 ...i k P C such that
is the natural projection and π i : T k M Ñ T M is described after Definition 1.
Remark 5. Taking into account that functions ω i 1 ...i k and α j depend only on p P W m , we will abbreviate formula (1) writing
Proof of the theorem. It follows from the definition of the differential structure τ k C (see [2] ) that there exist: a neighborhoodṼ of the point p0 m , . . . , 0 m q P T k m M in T k M (where 0 m is the neutral element of the vector space T m ), functions β 0 1 , . . . , β 0 n 0 , β 1 1 , . . . , β 1 n 1 , . . . , β k 1 , . . . , β 1 n k P C and a function σ P C 8 pR n q, where n " n 0`n1`. . .`n k , such that for any pv 1 , . . . , v k q PṼ ωpv 1 , . . . , v k q " σpβ 0 1 pπpv 1 qq, . . . , β 0 n 0 pπpv 1 qq, dβ 1 1 pv 1 q, . . . , dβ 1 n 1 pv 1 q, . . . , dβ k 1 pv k q, . . . , dβ k n k pv k qq. ReducingṼ , if necessary, we can assume thatṼ " β´1pU 0ˆU 1ˆ. . .ˆU k q, where β : T k M Ñ R n is given by the formula βpv 1 , . . . , v k q " pβ 0 1 pπpv 1 qq, . . . , β 0 n 0 pπpv 1 qq, dβ 1 1 pv 1 q, . . . , . . . , dβ 1 n 1 pv 1 q, dβ k 1 pv k q, . . . , dβ k n k pv k qq, pv 1 , . . . , v k q P T k M and U j Ă R n j is an open n j -dimensional interval (cube) for j " 0, 1, . . . , k (see [1] , Stwierdzenie 2.7 or [8] ). Note that if pt 1 , . . . , t k q P R k and pv 1 , . . . , v k q PṼ fulfill the condition
Taking W :" pπ˝π 1 qpṼ q, w :" β 0 pπpv 1:" pβ 0 1 pπpv 1 qq, . . . , β 0 n 0 pπpv 1and u j :" pdβ j 1 pv j q, . . . , dβ j n j pv jP R n j for j " 1, . . . , k, we obtain that the sets W, U 1 , . . . , U k , the point pw, u 1 , . . . , u k q and the map σ fulfill conditions of Lemma 4. By the thesis of this lemma
Note that the function T k M Q pv 1 , . . . , v k q Þ Ñ R belongs to C. Putting α i :" β 0 i for i " 1, 2, . . . , n 0 , α n 0`n1`. ..`n l`i :" β l`1 i for l " 0, 1, . . . , k´1 and i " 1, . . . , n l`1 , n :" n 0`n1`. . .`n k ,
, we obtain that (1) is true if we change T k W m ontoṼ . Hence, by k-linearity of ω, it follows that (1) holds for T k W m , where W m " W .
For any smooth map F of a differential space pM, Cq into a differential space pN, Dq (we denote it writing F : pM, Cq Ñ pN, Dq) and any smooth k-form ω on pN, Dq, one can define the smooth k-form F˚ω by the formula:
where the tangent map T F : T M Ñ T N is defined as follows
Note that for any m P M , the map T F |TmM is linear.
Proposition 1. If we denote F " pα 0 , . . . , α n q : W m Ñ R n in the proof of Theorem 1 then the equality p2q can be written in the form ω |Wm " pF˚ηq |Wm phere we consider ω as a section of the k-power of cotangent bundle on M q,
given as follows
Proof. It follows from the fact that for any n 0 ă i ă n, any q P W m and any v P T q M F˚du i pvq " pT F vqpu i q " vpu i˝F q " vpα i q " dα i pvq.
Remark 6. It is easy to see that if G is an arbitrary family of generators of the differential structure C then in the formulation of Theorem 1 and Proposition 1 we can put G instead of C preserving only the condition:
For the definition and basic properties of a set of generators of a differential structure see [1] , [2] , [3] or [4] .
In the following part of the paper, we will be interested only in skewsymmetric k-forms. In this case, equalities (1) and (2) take the form
Definition of the integral on generalized cubes and chains
Definition 7. The Cartesian product r0, 1s n of n unit intervals is called the standard n-dimensional interval. A continuous mapping ϕ : r0, 1s n Ñ A is said to be n-dimensional cube in a topological space A. If pM, Cq is a differential space, then the cube ϕ : r0, 1s n Ñ M is smooth when ϕ : pr0, 1s n , C 8 pr0, 1s nÑ pM, Cq, i.e. ϕ is a smooth mapping on the differential space pr0, 1s n , C 8 pr0, 1s ninto the differential space pM, Cq. The integral of a smooth point n-form ω (on M ) on a smooth cube ϕ is defined as the number ż
where ϕ˚ω is the pullback of the form ω onto the interval r0, 1s n .
Example 1. Let M " Q be the set of rational numbers and C :" C 8 pRq Q . Then for any number n P N, only constant functions are n-dimensional cubes in M . If ϕ is a constant cube (of any dimension) and ω is a point form on Q (the same dimension), then ϕ˚ω " 0. So we have ş ϕ ω " 0.
It follows from the example above that the standard integration theory might be trivial on some differential spaces. In fact, on the space pQ, C 8 pRq Q q there are non trivial point 1-forms, such as ω " dpid Q q, but all integrals of such forms vanish. We would like to generalize integration theory in a way, which enables us to omit this inconvenience. We have to give the generalization of n-dimensional cubes and chains. In order to do this, we will use the theory of completions and compactifications of a differential space described in [2] . At first, we will extend smooth functions.
Let pM, Cq be a differential space such that M is Hausdorff space and C is generated by the family of functions G, which defines uniform structure U G on M (see [2] ). Any function f P C which is uniform with respect to U G and standard uniform structure on R, can be extended in the univocal way to the continuous function on the completion compl G M of the uniform space pM, U G q. In particular, any function g P G can be extended to the continuous function r g on compl G M . The localization of the differential structure compl G C generated by the family r G " tr g : compl G M Ñ R : g P Gu to the set M is equal to C. If G " C then any function α P C can be extended to r α P compl C C on the maximal differential completion compl C M . For any subset A Ă M , we denote by C A the localization of the differential structure C to A, i.e. a function g : A Ñ R is an element of C A iff for any x P A there exists a neighbourhood U of x in A (we consider A as a topological subspace of M ) and a function f P C such that g |U " f |U . Since C is a differential structure on M one can easy prove that C A is a differential structure on A (see r2s, r3s or r8s). We call pA, C A q the differential subspace of pM, Cq. In particular, if D ‰ ∅ is a subset of R n then C 8 pR n q D is a differential structure on D.
If pM, Cq and pN, Dq are differential spaces then a map F : M Ñ N is said to be smooth if for any g P D the function g˝F P C.
Definition 8. A generalized n-dimensional smooth cube on the differential space pM, Cq is any smooth mapping ϕ : pD, C 8 pR n q D q Ñ pM, Cq defined on the set D dense in r0; 1s n .
If G is such a set of the generators of the structure C, that ϕ is uniform with respect to uniform structure U G on M (and standard uniform structure on D), then ϕ can be extended to n-dimensional cube r ϕ : r0; 1s n Ñ compl G M (not necessarily smooth with respect to compl G C).
Example 2. Let M be the set of all square roots of rational numbers belonging to the interval p0; 1q. A mapping ϕpxq " ?
x; x P p0; 1q X Q, is a generalized smooth 1-dimensional cube in the space pM, C 8 pRq M q and it is uniform with respect to the uniform structure U G defined by G " tid M u. But its extension r ϕ : r0; 1s Ñ compl G M " r0; 1s,
is not smooth with respect to compl G C " C 8 pr0; 1sq.
If ϕ : D Ñ M is a generalized n-dimensional smooth cube on the differential space pM, Cq, and ω is a smooth point n-form on M , then the pullback ϕ˚ω is a smooth point n-form on D. That form is represented by the formula:
where ω 0 is a smooth function on D. If the function ω 0 could be extended to a continuous function r ω 0 : r0, 1s n Ñ R (the function r ω 0 is given univocally because D is a dense set in r0, 1s n ) then we call the form
the continuous extension of ϕ˚ω on the cube r0, 1s n . In that case, we can define the integral.
Let ω be a smooth point n-form on the differential space pM, Cq. The integral of ω on the generalized n-dimensional smooth cube
where Ą ϕ˚ω is the continuous extension of n-form ϕ˚ω on the cube r0, 1s n (if the extension exists).
As in the case of differential manifolds, we can treat the integral of the smooth point form on the generalized n-dimensional cube ϕ as a value of the mapping given on the set of such generalized smooth cubes, hence the integral exists. We can extend that mapping on the set of n-dimensional chains on the differential space pM, Cq.
Definition 10. Let Cube n pM, Cq be the set of all n-dimensional smooth generalized cubes on a differential space pM, Cq. A smooth n-dimensional chain on pM, Cq is any function Φ : Cube n pM, Cq Ñ R such that its values are different from zero on at most finite subset of a set Cube n pM, Cq. We denote the set of all smooth n-dimensional chains on pM, Cq by Ch n pM, Cq.
The set Ch n pM, Cq has the natural structure of a vector space over R, as a set of real-valued functions on Cube n pM, Cq. "Zero chain" is the function equal to zero at each cube. We identify any element ϕ of a set Cube n pM, Cq with a chain Φ P Ch n pM, Cq such that Φpϕq " 1 and Φpψq " 0 for ψ P Cube n pM, Cqztϕu. We denote that chain by 1¨ϕ.
If Φ P Ch n pM, Cq then we define the support of Φ as the set suppΦ " tϕ P Cube n pM, Cq : Φpϕq ‰ 0u. From the definition of a chain, we get that the set suppΦ is finite. If suppΦ " tϕ k , . . . , ϕ m u, where k, m P N, k ≤ m and Φpϕ j q " c j for j " k, . . . , m, then the chain Φ can be represented by the formula
Assuming that the input of zero components into the sum (5) is zero and taking c ϕ :" Φpϕq, we can write Φ " ř ϕPCubenpM,Cq c ϕ ϕ. If ω is a smooth n-dimensional point form on pM, Cq then by Cube ω n pM, Cq we denote the set of all ϕ P Cube n pM, Cq, such that there exists continuous extension Ą ϕ˚ω of the form ϕ˚ω onto r0, 1s n . Similarly, by Ch ω n pM, Cq we denote the set of all chains Φ " Ch n pM, Cq, such that suppΦ Ă Cube ω n pM, Cq. Definition 11. The integral of a smooth point n-form ω on pM, Cq on a smooth chain Φ "
The mapping Ch ω n pM, Cq Q Φ Þ Ñ ş Φ ω P R is, of course, a linear functional on Ch ω n pM, Cq. We will call the mapping " integral of the n-form ω", too.
The existence of integrals and Stokes theorem
The problem is that the domain Ch ω n pM, Cq of the integral depends on the form ω (in the case of integrals of smooth n-forms on ordinary chains on a smooth manifold, we can integrate each smooth n-form on each chain of class C 1 ). In the first part of this section, we will give sufficient conditions for existence of the continuous or smooth extension Ą ϕ˚ω of a point n-form ϕ˚ω from the domain of the mapping ϕ to r0, 1s n , where ω is a smooth point n-form and ϕ is a generalized smooth n-dimensional cube on the differential space pM, Cq.
If D is a dense subset in r0, 1s n , then the space T t D tangent to the differential space pD, C 8 pR nat the point t " pt 1 , . . . , t n q P D is an ndimensional vector space which can be identified with T t R n -R n . Its base consists of vectors B Bt 1 | t , . . . , B Bt n | t . Any mapping D Q t Þ Ñ B Bt j | t P T D is a smooth vector field on D (see [4] ). On the other hand, on T D Ă T r0, 1s n " r0, 1s nˆRn there exists the standard uniform structure inherited from the space r0, 1s nˆRn (given by coordinates of the mapping T D Q ř n j"1 v j B Bt j | t Þ Ñ pt 1 , . . . , t n , v 1 , . . . , v n q P r0, 1s nˆRn ) (see [3] ). We have:
Proposition 2. Any vector field B
Bt i : D Ñ T D is an uniform mapping with respect to standard uniform structures on D and T D.
Proof. Let for given ε ą 0
A family tV ε u εPp0;`8q is a base of the standard uniform structure on T D, and a family tW ε u εPp0;`8q , where W ε :" tpt, sq P DˆD : |t j´sj | ă ε, j " 1, 2, . . . , nu, is a base of the standard uniform structure on D. It is clear that if for any j P N pt, sq " pt 1 , . . . , t n , s 1 , . . . , s n q P W ε , then p B Bt j | t , B Bs j | s q P V ε . So we have the thesis (see [3] and [4] ).
Proposition 3. Let G be a family of generators of a differential structure C on a set M . If ϕ : D Ñ M is such a smooth n-dimensional generalized cube on M that the tangent mapping T ϕ : T D Ñ T M is uniform with respect to the uniform structure given on T M by the family T G 0 , then for any function α P G, the point 1-form ϕ˚dα smooth on T D can be extended to the 1-form Ć ϕ˚dα continuous on r0, 1s n .
Proof. The form ϕ˚dα is represented by the formula ϕ˚dα "
where for any i " 1, 2, . . . , n
Since the mapping T ϕ is uniform on T D, the vector field B Bt i is a uniform mapping with respect to D in T D, and dα is a function from the family T G 0 , so Bpα˝ϕq Bt i is a uniform function on D and it can be extended to the continuous function Č Bpα˝ϕq Bt i on r0, 1s n (see [3] and [4] ). So ϕ˚dα might be extended to the continuous 1-form Ć ϕ˚dα " ř n i"1 Č Bpα˝ϕq Bt i ptqdt i . Conclusion 1. Let the assumptions of the previous proposition be satisfied. Then for all α 1 , . . . , α k P G the point k-form ϕ˚pdα 1^. . .^dα k q can be extended to the k-form Č ϕ˚pdα 1^. . .^dα k q, which is continuous on r0, 1s n .
Proof. We have: ϕ˚pdα 1^. . .^dα k q " pϕ˚dα 1 q^. . .^pϕ˚dα k q.
So ϕ˚pdα 1^. . .^dα k q could be extended to the k-form
Proposition 4. Let the assumptions of Proposition 3 be satisfied. Let k, m P N, α 1 j , . . . , α k j P G for j " 1, 2, . . . , m and functions β 1 , . . . , β m : M Ñ R are uniform with respect to the uniform structure U G on M , then the point k-form η :" ϕ˚p ř m j"1 β j dα 1 j^. . .^dα k j q can be extended to the k-formη, which is continuous on r0, 1s n .
Proof. Since η " ř m j"1 pβ j˝ϕ qϕ˚pdα 1 j^. . .^dα k j q it is enough to takẽ η " ř m j"1 p Č β j¨ϕ q¨Č ϕ˚pdα 1 j^. . .^dα k j q (see Conclusion 1). Proposition 5. Let η be a smooth point k-form on a differential space pM, Cq, and G be a family of generators of the differential structure C. Then for any p P M there exists a neighborhood U , a number m P N, functions α 1 j , . . . , α k j P G for j " 1, 2, . . . , m and functions β 1 , . . . , β m P C uniform with respect to the uniform structure U G such that
Proof. It follows from Theorem 1 and Remark 6 that there exists a neighborhood W p of p such that η can be written in the form (4) on W p . Let us fix any 1-1 map J : t1, 2, . . . , n! k!pn´kq! u Ñ tpi 1 , . . . , i k q P N k : 1 ≤ i 1 ă i 2 ă . . . ă i k ≤ nu and let Jpjq " pi 1 pjq, . . . , i k pjqq. Then putting m :" n! k!pn´kq! , ω j :" ω Jpjq and α r j :" α irpjq for any j P t1, 2, . . . , mu and 1 ≤ r ≤ k, we obtain that
where α 1 j , . . . , α k j P G for j " 1, 2, . . . , m and functions ω 1 , . . . , ω m P C (the number m, functions α 1 j , . . . , α k j and ω 1 , . . . , ω m could depend on W p ). Recall now that ω j " 0 or ω j is the superposition of the smooth map β 0 P G n 0 , which takes a value in an n 0 -dimensional interval U 0 and a smooth function (partial derivative is an uniform function on U 0 and coefficients of β 0 are uniform functions with respect to the uniform structure U G on M (as members of G), we obtain that ω j are uniform with respect to U G on the set U :" W p as the superposition of uniform mappings. The thesis follows now from (6) .
Theorem 2. Let η be a smooth point k-form on a differential space pM, Cq, and G be a family of generators of the differential structure C. Let us assume that:
(i) there exists an open finite covering tU i u iPI (I " t1, . . . , qu, q P N) of the space M , such that for any i P I there exist a number m i P N, functions α 1 i,j , . . . , α k i,j P G for j " 1, . . . , m i and functions β i,1 , . . . , β i,m i P C uniform with respect to the uniform structure U G such that η |U i "
there exists a smooth partition of unity tγ i u iPI subordinated to the covering tU i u iPI such that any function γ i , i P I, is uniform with respect to U G . Then for any smooth n-dimensional generalized cube ϕ : D Ñ M such that T ϕ is uniform with respect to T G 0 , k-form ϕ˚η is smooth on D and could be extended to the k-form Ą ϕ˚η continuous on r0, 1s n .
Proof. We have η " ř iPI γ i η, and ϕ˚η " ř iPI ϕ˚pγ i ηq. But for any i P I suppγ i Ă U i , so we have
Therefore
pγ i˝ϕ qϕ˚rβ i,j dα 1 i,j^. . .^dα k i,j s and the form could be extended on r0, 1s n to the k-form Proposition 4) . Hence ϕ˚η could be extended to the k-form
If a point k-form η and a smooth generalized n-dimensional cube ϕ on a differential space pM, Cq satisfy the assumptions of Theorem 2 then there exists ş ϕ η (of course it is equal to zero for n ‰ k). Similarly if Ψ is a smooth n-dimensional chain on pM, Cq and each cube ϕ P suppΨ, together with a point k-form η, satisfy the assumptions of Theorem 2 then there exists ş Ψ η. For the further development of the theory of integration, we need a generalization of the operation of boundary. The operation prescribes to any n-dimensional cube ϕ an pn´1q-dimensional chain Bϕ. It is connected with Stokes theorem and justifies the concept of chain. Standardly, we can extend this operation to the set of chains. For any n-dimensional chain Φ " ř n j"1 c j ϕ j , we have BΦ " ř n j"1 c j Bϕ j .
To introduce the operation of boundary on generalized cubes and chains in differential spaces, we need some new concepts.
Definition 12. Let G be a family of generators of a differential structure C on a set M . We call a smooth generalized n-dimensional cube ϕ : D Ñ M on pM, Cq smoothly extendable with respect to G if the tangent mapping T ϕ is uniform with respect to the uniform structure given on T M by the family T G 0 (see [2] ) and its continuous extension Ă T ϕ : r0; 1s nˆRn Ñ compl T G 0 T M is a smooth map with respect to differential structures C 8 pr0; 1s nˆRn q and compl T G 0 T C, respectively. The chain Φ P Ch n pM q is smoothly extendable with respect to G when every cube ϕ P suppΦ is smoothly extendable with respect to G. The smooth point k-form η on M is said to be smoothly extendable with respect to G if there exists a smooth point k-formη on compl G M , such that η " ι˚pηq, where ι : M Ñ compl G M is the natural embedding (for a point p P M we put its filter of neighborhoods ιppq " F psee [2] ).
Let π : T M Ñ M be the canonical projection. Then for each set of generators G of the differential structure C, the mapping π is uniform with respect to uniform structures U T G 0 and U G (from definitions of π and U T G 0 ). Moreover, for each differential space pN, Dq and each F : pN, Dq Ñ pM, Cq, we have π˝T F " F . So the fact that a smooth generalized n-dimensional cube ϕ : D Ñ M is smoothly extendable implies that ϕ is a uniform mapping and its extensionφ : r0, 1s n Ñ compl G M is smooth, i.e. it is a smooth n-dimensional cube on compl G M .
Definition 13. Let ϕ : D Ñ M be a smooth generalized n-dimensional cube on a differential space pM, Cq, smoothly extendable with respect to some family of generators G of the structure C. We define the boundary of ϕ with respect to G as the n-dimensional smooth chain B G ϕ on compl G M given by the formula:
whereφ pi,αq "φ˝pI n pi,αis the pi, αq-face of the cubeφ, I n pi,0q pxq " px 1 , . . . , x i´1 , 0, x i , . . . , x n´1 q, I n pi,1q pxq " px 1 , . . . , x i´1 , 1, x i , . . . , x n´1 q andφ is the smooth extension of ϕ on compl G M .
It is easy to see that B G ϕ " BGφ, whereG is the family of extensions of elements of the set G on compl G M .
Definition 14. The boundary of a generalized n-dimensional chain Φ " ř m j"1 c j ϕ j on the differential space pM, Cq smoothly extendable with respect to a family of generators G of the structure C, we call the pn´1q-dimensional chain:
where tϕ 1 , . . . , ϕ m u " suppΦ.
For formulating the analogue of Stokes theorem, we need a mapping that will be an analogue of the exterior derivative. That mapping should be a generalization of the exterior derivative on manifolds and it should linearly maps k-forms to pk`1q-forms. It should also commute with pullback of forms. Next example shows that we can not give such mapping uniquely even on smooth extendable forms.
Example 3. Let M " tpx, yq P R 2 : xy " 0u, and C " C 8 pR 2 q M . Then the zero 1-form on pM, Cq could be extended to the zero 1-form on R 2 and to the form η " xdy´ydy. We have: dη " 2dx^dy. Moreover, if by ι : M Ñ R 2 we denote the natural embedding then ι˚pdx^dyq " dx^dy ‰ 0, because dx^dy |T 0 M ‰ 0, while ι˚p0q " 0.
If G is a family of bounded generators of a differential structure C on a set M (we can assume that if g P G then |g| ≤ 1) then the completion compl G M is a differential compactification compt G M (see [2] ). Proposition 6. Let the previous assumption for G be satisfied. Then any point k-form η that is smoothly extendable with respect to G can be extended to a smooth k-form η 1 on r´1, 1s G .
Proof. Letη be such a smooth point k-form on compl G M that η " i˚η, where i is the natural embedding M into compl G M . LetG be the set of all continuous extensions of elements of G onto compl G M . SinceG is a family of generators of the differential structure compl G C " C 8 pr´1; 1s G q compl G M , we can choose, for any p P compl G M , a neighborhood W p such that (4) holds for the formη and for someα i j PG. If we take a set V p open in r´1; 1s G and such that W p " compl G M X V p then the same formula defines the point kformη p on V p . But the space compl G M is compact and therefore there exists n P N and p 1 , . . . , p n P compl G M such that compl G M Ă n Ť j"1 V p j . Putting V 0 :" r´1; 1s G zcompl G M , V j :" V p j andη j :"η p j for j " 1, . . . , n, we obtain the open finite covering tV 0 , V 1 , . . . , V n u of r´1; 1s G . Let tγ 0 , γ 1 , . . . , γ n u be a smooth partition of unity subordinated to the covering. Than any γ jηj , j " 1, . . . , n can be in a standard manner extend to r´1; 1s G (we take pγ jηj q |r´1;1s G zW j " 0q. Taking η 1 :" n ř j"1 γ jηj , we obtain the k-form on r´1; 1s G which fulfils the conditions of the proposition.
On the differential space pr´1, 1s G , C 8 pr´1, 1s G qq, there is the well definite operator of exterior derivative d which assigns to any smooth point k-form ω the smooth pk`1q-form dω given by the formula (7) pdωqpv 1 , . . . , v k`1 q " k`1 ÿ i"1 p´1q i`1 X i pωpX 1 , . . . ,X i , . . . , X k`1 qqppq . . . ÿ iăj p´1q i`j ωprX i , X j s, X 1 , . . . ,X i , . . . ,X j , . . . , X k`1 qppq,
where v 1 , . . . , v k`1 P T p pr´1, 1s G q, X 1 , . . . , X k`1 are vector fields on r´1, 1s G , such that X j ppq " v j for j " 1, 2, . . . , n (such a vector fields exist on a space which is a Cartesian product of intervals; we can take X j " const " v j P T r´1; 1s G -R G -see [1] , [2] , [3] or [4] ) and "^" means that the variable disappears in that expression. For any smooth mapping F : r0; 1s n Ñ r´1, 1s G and any smooth point k-form ω smoothly extendable with respect to G, operator d fulfils the equality: d 1 pF˚χq " F˚dχ, where on the left hand side there is "the classical" operator d 1 of the exterior derivative on r0; 1s n . It is the result of (7), definitions and properties of vector fields. Now we can get the analogue of Stokes theorem.
Theorem 3. If a smooth point k-form η and a smooth generalized ndimensional chain Φ are smoothly extendable with respect to a family G of bounded generators of a differential structure C on a set M , then
whereη is an arbitrary smooth extension of the k-form η on the differential space pr´1; 1s G , C 8 pr´1; 1s Gand d is the operator of exterior derivative given by p7q.
Proof. It is enough to show equality (8) for any n-dimensional cube ϕ on pM, Cq smoothly extendable with respect to G. We have ż where d 1 is the operator of exterior derivative on r0; 1s n andφ is the extension of ϕ on r0; 1s n .
